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In this work we investigate Plancherel–Rotach type asymptotics
for some q-series as q → 1 in a more general setting by intro-
ducing admissible sequences. These q-series generalize Ramanujan
function Aq(z) (a.k.a. q-Airy function), Jackson’s q-Bessel function
J (2)ν (z;q), q−1-Hermite polynomials hn(x|q), Stieltjes–Wigert poly-
nomials Sn(x;q), q-Laguerre polynomials L(α)n (x;q) and conﬂuent
basic hypergeometric series.
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1. Introduction
The asymptotics of q-special functions is not only interesting mathematically, it also has many
applications in physics. Several authors investigated the ﬁxed q asymptotics for certain q-special func-
tions by using various methods, for example see [2,3,5]. In [7,8] we found a method and applied it
systematically to Plancherel–Rotach type asymptotics for three sets of orthogonal polynomials related
to indeterminate moment problems. This method was later extended in [13–15] to study certain
Plancherel–Rotach type asymptotics for some q-series including Ramanujan’s entire function Aq(z),
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Sn(x;q), q-Laguerre polynomials L(α)n (x;q) and conﬂuent basic hypergeometric series, we were able to
get more precise remainders. In this work we employ these asymptotic formulas from [13] to study
the scaled asymptotics of these q-series as q → 1. By using admissible sequences we are able to vastly
generalize the results in [15].
In Section 2 we list some notations. We present our results in Section 3 and their proofs in Sec-
tion 4. Throughout this work we always assume that 0< q < 1 unless otherwise stated.
2. Preliminaries
For z ∈ C, as in [1,4,6,9], we deﬁne (z;q)∞ and Γq(z) by
(z;q)∞ =
∞∏
k=0
(
1− zqk), 1
Γq(z)
= (q
z;q)∞(1− q)z−1
(q;q)∞ . (2.1)
For each ﬁxed z ∈ C, Γq(z) is related to Γ (z) via limq↑1 1Γq(z) = 1Γ (z) where Γ (z) is given by [1,4,6,9,
11,12]
1
Γ (z)
= z
∞∏
k=1
(
1+ z
k
)(
1+ 1
k
)−z
, z ∈ C.
The q-shifted factorials of a,a1, . . . ,am ∈ C are given by
(a;q)n = (a;q)∞
(aqn;q)∞ , (a1, . . . ,am;q)n =
m∏
k=1
(ak;q)n (2.2)
for all integers n ∈ Z and m ∈ N.
Given two sets of complex numbers {a1, . . . ,ar} and {b1, . . . ,bs}, the basic hypergeometric series
rφs is formally deﬁned by
rφs
(
a1, . . . ,ar
b1, . . . ,bs
∣∣∣∣q, z
)
=
∞∑
k=0
(a1, . . . ,ar;q)k(zq−)kqk2
(q,b1, . . . ,bs;q)k(−1)k(s+1−r) , (2.3)
where  = s+1−r2 , and it deﬁnes a conﬂuent basic hypergeometric series if  > 0.
The four Jacobi theta functions are deﬁned by [11,12]
θ1(v|τ ) = −i
∞∑
k=−∞
(−1)kq(k+1/2)2e(2k+1)π iv = 2q1/4 sinπ v(q2,q2e2π iv ,q2e−2π iv;q2)∞,
θ2(v|τ ) =
∞∑
k=−∞
q(k+1/2)2e(2k+1)π iv = 2q1/4 cosπ v(q2,−q2e2π iv ,−q2e−2π iv;q2)∞,
θ3(v|τ ) =
∞∑
k=−∞
qk
2
e2kπ iv = (q2,−qe2π iv ,−qe−2π iv ;q2)∞,
θ4(v|τ ) =
∞∑
(−1)kqk2e2kπ iv = (q2,qe2π iv ,qe−2π iv;q2)∞,
k=−∞
R. Zhang / Advances in Applied Mathematics 48 (2012) 181–193 183where q = eπ iτ for (τ ) > 0. Then,
θ1
(
v
τ
∣∣∣∣− 1τ
)
= −i
√
τ
i
eπ iv
2/τ θ1(v|τ ), θ2
(
v
τ
∣∣∣∣− 1τ
)
=
√
τ
i
eπ iv
2/τ θ4(v|τ ),
θ3
(
v
τ
∣∣∣∣− 1τ
)
=
√
τ
i
eπ iv
2/τ θ3(v|τ ), θ4
(
v
τ
∣∣∣∣− 1τ
)
=
√
τ
i
eπ iv
2/τ θ2(v|τ ).
For our convenience, we also use the following notations
θλ(z;q) = θλ(v|τ ), z = e2π iv , q = eπ iτ , λ = 1,2,3,4.
Let x be a real number, we write x = x+{x}, where the fractional part of x is {x} ∈ [0,1) and x ∈ Z
is the greatest integer less than or equal to x. The function
χ(n) =
{
1, 2  n,
0, 2|n
satisﬁes
χ(n) = 2
{
n
2
}
= n − 2
⌊
n
2
⌋
=
⌊
n + 1
2
⌋
−
⌊
n
2
⌋
and
⌊
n + 1
2
⌋
= n +χ(n)
2
,
⌊
n
2
⌋
= n − χ(n)
2
.
3. Main results
Deﬁnition 1. A sequence {λn}∞n=1 of positive numbers is said to be admissible if
(1) limn→∞ λnlogn = ∞,
(2) limn→∞ λn√n = 0.
Clearly, λn = nβ logγ n, 0< β < 12 , γ  0 and λn = logγ n, γ > 1 are admissible.
Given non-negative integers r, s, t and a positive number , we deﬁne [13]
g(a1, . . . ,ar;b1, . . . ,bs;q;; z)
=
∞∑
k=0
(qk+1,b1qk, . . . ,bsqk;q)∞qk2(−z)k
(a1qk, . . . ,arqk;q)∞ , (3.1)
hn(a1, . . . ,ar;b1, . . . ,bs; c1, . . . , ct;q;; z)
=
n∑ (qk+1,b1qk, . . . ,bsqk;q)∞qk2(−z)k
(a1qk, . . . ,arqk;q)∞
(q, c1, . . . , ct;q)n
(q, c1, . . . , ct;q)n−k , (3.2)k=0
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0 a1, . . . ,ar,b1, . . . ,bs, c1, . . . , ct < 1. (3.3)
In order to simplify the type setting we let
g(z;q) = g(a1, . . . ,ar;b1, . . . ,bs;q;; z),
h(z;q) = hn(a1, . . . ,ar;b1, . . . ,bs; c1, . . . , ct;q;; z)
in the following theorem:
Theorem 2. Given an admissible sequence λn, assume that z = e2π v , q = e−πλ−1n ,  > 0, v ∈ R and a j = qα j ,
bk = qβk , α j, βk > 0 for 1 j  r, 1 k s. Then
g
(−q−4nz;q)=
√
λn

exp
{
πλn

(
v + 2n
λn
)2}{
1+O(e−−1πλn)},
h
(−zq−n;q)= exp
{
πλn

(
v + (n −χ(n))
2λn
)2
+ π(n − 1)χ(n)
2λn
}√
λn

{
1+O(e−−1πλn)},
g
(
q−4nz;q)= 2
√
λn

exp
{
πλn

(
v + 2n
λn
)2
− πλn
4
}{
cos
πλnv

+O(e−2−1πλn)
}
,
h
(
zq−n;q)= exp
{
πλn

(
v + (n −χ(n))
2λn
)2
+ π(n − 1)χ(n)
2λn
− πλn
4
}
× 2
√
λn

{
cos
πλn

(
v + (n −χ(n))
2λn
)
+O(e−2−1πλn)
}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
For the Ramanujan’s entire function
Aq(z) =
∞∑
n=0
qn
2
(−z)n
(q;q)n =
g(−;−;q;1; z)
(q;q)∞ (3.4)
we have:
Corollary 3. Given an admissible sequence λn, assume that z = e2π v , q = e−πλ−1n and v ∈ R. Then
Aq
(−q−4nz)= 1√
2
exp
{
πλn
(
v + 2n
λn
)2
+ πλn
6
− π
24λn
}{
1+O(e−πλn)}
and
Aq
(
q−4nz
)= √2exp
{
πλn
(
v + 2n
λn
)2
− πλn
12
− π
24λn
}{
cosπλnv +O
(
e−2πλn
)}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
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J (2)ν (z;q) = (q
ν+1;q)∞
(q;q)∞
∞∑
k=0
qk
2+kν(−1)k
(q,qν+1;q)k
(
z
2
)2k+ν
= g(−;q
ν+1;q;1; z2qν/4)
(q;q)2∞(2/z)ν
, ν > −1 (3.5)
we have:
Corollary 4. For an admissible sequence λn, assume that z = e2π v , q = e−πλ−1n , v ∈ R and ν > −1. Then
J (2)ν
(
2i
√
zq−νq−2n;q)= exp(
πλn
3 − π12λn + ν
2π
4λn
+ νπ i2 )
2
√
λn
× exp
{
πλn
(
v + 4n + ν
2λn
)2}{
1+O(e−πλn)}
and
J (2)ν
(
2
√
zq−νq−2n;q)= exp(
πλn
12 − π12λn + ν
2π
4λn
)√
λn
× exp
{
πλn
(
v + 4n + ν
2λn
)2}{
cosπλnv +O
(
e−2πλn
)}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
For the conﬂuent basic hypergeometric series
rφs
(
a1, . . . ,ar
b1, . . . ,bs
∣∣∣∣q, z(−1)s−r
)
= (a1, . . . ,ar;q)∞g(a1, . . . ,ar;b1, . . .bs;q;; zq
−)
(q,b1, . . . ,bs;q)∞ (3.6)
we have:
Corollary 5. Given an admissible sequence λn, assume that z = e2π v , q = e−πλ−1n , v ∈ R, and α j, βk > 0,
1 j  r, 1 k s. Let  = s+1−r2 > 0, and ρ =
∑r
j=1 α j −
∑s
k=1 βk − 1. Then
rφs
(
qα1 , . . . ,qαr
qβ1 , . . . ,qβs
∣∣∣∣q, (−1)s+1−r zq−(4n−1)
)
=
∏s
k=1 Γ (βk)∏r
j=1 Γ (α j)
λ
ρ++1/2
n√
2πρ+2
{
exp
πλn

(
v + 2n
λn
)2
+ πλn/3
}{
1+O(λ−1n )}
and
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(
qα1 , . . . ,qαr
qβ1 , . . . ,qβs
∣∣∣∣q, (−1)s−r zq−(4n−1)
)
=
∏s
k=1 Γ (βk)∏r
j=1 Γ (α j)
λ
ρ++1/2
n√
2−1πρ+2
{
exp
πλn

(
v + 2n
λn
)2
+ πλn
3
− πλn
4
}
×
{
cos
πλnv

+O(λ−1n )
}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
For the q−1-Hermite polynomials
hn(sinh ξ |q) =
n∑
k=0
(q;q)nqk(k−n)(−1)ke(n−2k)ξ
(q;q)k(q;q)n−k =
hn(−;−;−;q;1; e−2ξq−n)
e−nξ (q;q)∞ (3.7)
we have:
Corollary 6. Given an admissible sequence λn, for any v ∈ R. Then
hn
(
sinhπ
(
v + i
2
)∣∣∣∣q
)
= exp{
πn2
4λn
+ πλn6 − π(1+12χ(n))24λn }
(−i)n√2
{
exp
[
πλn
(
v − χ(n)
2λn
)2]}
× {1+O(e−πλn)}
and
hn(sinhπ v|q) = (−1)n
√
2exp
{
n2π
4λn
− (1+ 12χ(n))π
24λn
− πλn
12
}{
exp
[
πλn
(
v − χ(n)
2λn
)2]}
×
{
cosπλn
(
v + n − χ(n)
2λn
)
+O(e−2πλn)
}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
For the Stieltjes–Wigert polynomials
Sn(x;q) =
n∑
k=0
qk
2
(−x)k
(q;q)k(q;q)n−k =
hn(−;−;−;q;1; x)
(q;q)n(q;q)∞ (3.8)
we have:
Corollary 7. Given an admissible sequence λn, assume that z = e2π v , q = e−πλ−1n and v ∈ R. Then
Sn
(−zq−n;q)= exp{
πλn
3 + π(n−1)χ(n)2λn − π12λn }
2
√
λn
{
expπλn
(
v + n − χ(n)
2λn
)2}
× {1+O(e−πλn)}
and
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(
zq−n;q)= exp{
πλn
12 + π(n−1)χ(n)2λn − π12λn }√
λn
{
expπλn
(
v + n −χ(n)
2λn
)2}
×
{
cosπλn
(
v + n −χ(n)
2λn
)
+O(e−2πλn)
}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
For the q-Laguerre polynomials
L(α)n (x;q) =
n∑
k=0
qk
2+αk(−x)k(qα+1;q)n
(q;q)k(q,qα+1;q)n−k =
hn(−;−;qα+1;q;1; xqα)
(q;q)n(q;q)∞ (3.9)
we have the following:
Corollary 8. Given an admissible sequence λn, assume that z = e2π v , q = e−πλ−1n , v ∈ R and α > −1. Then
L(α)n
(−zq−α−n;q)= exp{
πλn
3 + π(n−1)χ(n)2λn − π12λn }
2
√
λn
{
expπλn
(
v + n − χ(n)
2λn
)2}
× {1+O(e−πλn)}
and
L(α)n
(
zq−α−n;q)= exp{
πλn
12 + π(n−1)χ(n)2λn − π12λn }√
λn
{
expπλn
(
v + n −χ(n)
2λn
)2}
×
{
cosπλn
(
v + n −χ(n)
2λn
)
+O(e−2πλn)
}
as n → ∞, and theO-term is uniform for v in any compact subset of R.
4. Proofs
The following lemma is from [13]:
Lemma 9. Given a ∈ C with 0< |a|qn1−q < 12 for some n ∈ N. Then
(a;q)∞
(a;q)n =
(
aqn;q)∞ = 1+ r1(a;n)
with |r1(a;n)| 2|a|qn1−q and
(a;q)n
(a;q)∞ =
1
(aqn;q)∞ = 1+ r2(a;n)
with |r2(a;n)| 2|a|qn1−q .
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Lemma 10. Given a sequence of positive numbers {λn}∞n=1 with limn→∞ λn = ∞. Let q = e−πλ
−1
n , x> 0. Then
(
qx;q)∞ =
√
2π1−xλx−1/2n
Γ (x)exp(πλn/6)
{
1+O(λ−1n )}
as n → ∞.
Proof. For x 
= 0,−1,−2, . . . and let q = e−t , the McIntosh asymptotic formula [10] is
log
(
qx;q)∞ = −π
2
6t
+
(
1
2
− x
)
log t + log(2π)
2
− logΓ (x)
+
p∑
k=1
BkBk+1(x)
k(k + 1)! t
k +O(t p+1)
for any positive integer p as t → 0+ , where Bk and Bk(x) are the kth Bernoulli number and the
kth Bernoulli polynomial respectively. Take the main term in the McIntosh asymptotic formula with
t = π
λn
and Lemma 10 follows. 
Take λ = 0, τ = 2, m = 2n in Theorem 2.2 of [15] we get the following result:
Lemma 11. Assume that z ∈ C\{0},  > 0 and (3.3). Then
g
(
q−4nz;q)= z2nq−4n2{θ4(z−1;q)+ rg(n|1)}
and
|rg(n|1)| 2
s+r+3θ3(|z|−1;q)
(a1, . . . ,ar;q)∞
{
qn+1
1− q +
qn
2
|z|n
}
for n suﬃciently large. In particular,
rφs
(
a1, . . . ,ar
b1, . . . ,bs
∣∣∣∣q, (−1)s−r zq−4n
)
= (a1, . . . ,ar;q)∞z
2n{θ4(z−1q;q) + rφ(n|1)}
(q,b1, . . . ,bs;q)∞q2n(2n+1)
and
∣∣rφ(n|1)∣∣ 2
s+r+3θ3(|z|−1q;q)
(a1, . . . ,ar;q)∞
{
qn+1
1− q +
qn
2+n
|z|n
}
for n suﬃciently large, where  = s+1−r2 > 0.
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Lemma 12. Assume that z ∈ C\{0},  > 0 and (3.3). Then
hn
(
zq−n;q)= (−z)n/2q−[n2−χ(n)]/4{θ4(z−1;q)+ rh(n|1)}
and
∣∣rh(n|1)∣∣ 2
s+r+2t+5θ3(|z|−1;q)
(a1, . . . ,ar;q)∞
{
qn/4+1
1− q + |z|
n/4qn/42 + q
n/42
|z|n/4
}
for n suﬃciently large.
4.1. Proof for Theorem 2
From the formulas of θ3 we obtain
θ3
(
e−2π v; e−πλ−1n )= θ3(vi|λ−1n i)=
√
λn

eπ
−1λnv2θ3
(
λnv

∣∣∣∣λni
)
=
√
λn

eπ
−1λnv2{1+O(e−−1πλn)} (4.1)
as n → ∞, uniformly for all v ∈ R. Clearly we have
qn+1
1− q + q
n2e−2nπ v =O(λne−πnλ−1n )
as n → ∞, uniformly for v in any compact subset of R. From Lemma 10 we have
(
qα1 , . . . ,qαr ;q)∞ = 2
r/2π r−
∑r
j=1 α j {1+O(λ−1n )}
erπλn/6λ
r/2−∑rj=1 α j
n
∏r
j=1 Γ (α j)
(4.2)
as n → ∞. Since λn is admissible, then
g
(−q−4nz;q)=
√
λn

exp
{
πλn

(
v + 2n
λn
)2}{
1+O(e−−1πλn)}
as n → ∞, uniformly for v in any compact subset of R.
Since
θ4
(
z−1;q)= θ4(e−2π v; e−πλ−1n )= θ4
(
vi
∣∣∣ i
λn
)
=
√
λn

eπ
−1λnv2θ2
(
λnv

∣∣∣∣ iλn
)
= 2
√
λn

exp
(
πλnv2

− πλn
4
)
cos
πλnv

{
1+O(e−2π−1λn)} (4.3)
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g
(
q−4nz;q)= 2
√
λn

exp
{
πλn

(
v + 2n
λn
)2
− πλn
4
}{
cos
πλnv

+O(e−2−1πλn)
}
as n → ∞, uniformly on any compact subset of R.
Clearly,
qn/4+1
1− q + |z|
n/4qn/42 + q
n/42
|z|n/4 =O
(
e−πn/(4λn)
)
(4.4)
as n → ∞, uniformly on any compact subset of R. From Eqs. (4.1), (4.2) and (4.4) we get
h
(−zq−n;q)=
√
λn

exp
{
πλn

(
v + (n − χ(n))
2λn
)2
+ π(n − 1)χ(n)
2λn
}{
1+O(e−−1πλn)}
as n → ∞, uniformly on any compact subset of R. Using Eqs. (4.1), (4.2), (4.3) and (4.4) we obtain
h
(
zq−n;q)= exp
{
πλn

(
v + (n − χ(n))
2λn
)2
+ π(n − 1)χ(n)
2λn
− πλn
4
}
× 2
√
λn

{
cos
πλn

(
v + (n − χ(n))
2λn
)
+O(e−2−1πλn)
}
as n → ∞, uniformly on any compact subset of R.
4.2. Proof for Corollary 3
By Lemma 10 and Theorem 2 we have
Aq
(−q−4nz)= g(−;−;q;1;−q−4nz)
(q;q)∞
= 1√
2
exp
{
πλn
(
v + 2n
λn
)2
+ πλn
6
− π
24λn
}{
1+O(e−πλn)}
and
Aq
(
q−4nz
)= g(−;−;q;1;q−4nz)
(q;q)∞
= √2exp
{
πλn
(
v + 2n
λn
)2
− πλn
12
− π
24λn
}{
cosπλnv +O
(
e−2πλn
)}
as n → ∞, uniformly on any compact subset of R.
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Apply Lemma 10 and Theorem 2 to get
J (2)ν
(
2i
√
zq−νq−2n;q)= g(−;qν+1;q;1;−zq−4n)
(q;q)2∞(i
√
zq−νq−2n)−ν
= exp(
πλn
3 − π12λn + ν
2π
4λn
+ νπ i2 )
2
√
λn
exp
{
πλn
(
v + 4n + ν
2λn
)2}{
1+O(e−πλn)}
and
J (2)ν
(
2
√
zq−νq−2n;q)= g(−;qν+1;q;1; zq−4n)
(q;q)2∞(
√
zq−νq−2n)−ν
= exp(
πλn
12 − π12λn + ν
2π
4λn
)√
λn
exp
{
πλn
(
v + 4n + ν
2λn
)2}
× {cosπλnv +O(e−2πλn)}
as n → ∞, uniformly on any compact subset of R.
4.4. Proof for Corollary 5
Apply Lemma 10, Lemma 10 and Theorem 2 to get
rφs
(
qα1 , . . . ,qαr
qβ1 , . . . ,qβs
∣∣∣∣q, (−1)s+1−r zq−(4n−1)
)
= (q
α1 , . . . ,qαr ;q)∞g(−q−4nz;q)
(q,qβ1 , . . . ,qβs ;q)∞
=
∏s
k=1 Γ (βk)∏r
j=1 Γ (α j)
λ
ρ++1/2
n
2πρ+2
√

{
exp
πλn

(
v + 2n
λn
)2
+ πλn/3
}{
1+O(λ−1n )}
and
sφr
(
qα1 , . . . ,qαr
qβ1 , . . . ,qβs
∣∣∣∣q, (−1)s−r zq−(4n−1)
)
= (q
α1 , . . . ,qαr ;q)∞g(q−4nz;q)
(q,qβ1 , . . . ,qβs ;q)∞
=
∏s
k=1 Γ (βk)∏r
j=1 Γ (α j)
λ
ρ++1/2
n√
2−1πρ+2
{
exp
πλn

(
v + 2n
λn
)2
+ πλn
3
− πλn
4
}{
cos
πλnv

+O(λ−1n )
}
.
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For v ∈ R, Lemma 10 and Theorem 2 imply
hn
(
sinhπ
(
v + i
2
)∣∣∣∣q
)
= h(−;−;−;q;1;−e
2π vq−n)
(−i)nenπ v(q;q)∞
= exp{
πn2
4λn
+ πλn6 − π(1+12χ(n))24λn }
(−i)n√2
{
exp
[
πλn
(
v − χ(n)
2λn
)2]}{
1+O(e−πλn)}
and
hn(sinhπ v|q) = h(−;−;−;q;1; e
2π vq−n)
(−1)nenπ v(q;q)∞
= (−1)n√2exp
{
n2π
4λn
− (1+ 12χ(n))π
24λn
− πλn
12
}{
exp
[
πλn
(
v − χ(n)
2λn
)2]}
×
{
cosπλn
(
v + n − χ(n)
2λn
)
+O(e−2πλn)
}
as n → ∞, uniformly on any compact subset of R.
4.6. Proof for Corollary 7
From Lemma 9 and Lemma 10 we obtain
1
(q;q)n(q;q)∞ =
1
(q;q)2∞
(q;q)∞
(q;q)n =
exp{πλn3 − π12λn }
2λn
{
1+O(e−4πλn)} (4.5)
as n → ∞. Hence, Theorem 2 implies
Sn
(−zq−n;q)= h(−;−;−;q;1;−zq−n)
(q;q)n(q;q)∞
= exp{
πλn
3 + π(n−1)χ(n)2λn − π12λn }
2
√
λn
{
expπλn
(
v + n −χ(n)
2λn
)2}{
1+O(e−πλn)}
and
Sn
(
zq−n;q)= h(−;−;−;q;1; zq−n)
(q;q)n(q;q)∞
= exp{
πλn
12 + π(n−1)χ(n)2λn − π12λn }√
λn
{
expπλn
(
v + n −χ(n)
2λn
)2}
×
{
cosπλn
(
v + n − χ(n)
2λn
)
+O(e−2πλn)
}
as n → ∞, uniformly on any compact subset of R.
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From (4.5) and Theorem 2 we obtain
L(α)n
(−zq−α−n;q)= h(−;−;qα+1;q;1;−zq−n)
(q;q)n(q;q)∞
= exp{
πλn
3 + π(n−1)χ(n)2λn − π12λn }
2
√
λn
{
expπλn
(
v + n −χ(n)
2λn
)2}{
1+O(e−πλn)}
and
L(α)n
(
zq−α−n;q)= h(−;−;qα+1;q;1; zq−n)
(q;q)n(q;q)∞
= exp{
πλn
12 + π(n−1)χ(n)2λn − π12λn }√
λn
{
expπλn
(
v + n −χ(n)
2λn
)2}
×
{
cosπλn
(
v + n −χ(n)
2λn
)
+O(e−2πλn)
}
as n → ∞, uniformly on any compact subset of R.
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